Abstract. In this paper, we show that every bipartite distanceregular Cayley graph with diameter 3 can be constructed on the semidirect product of a group and Z 2 , except possibly for one case.
Introduction
The family of distance-regular graphs is an important form in area of algebraic graph theory. For a background about distance-regular graphs, we refer to the monograph [2] and recent survey [5] . The question which distance-regular graphs are Cayley graphs is a problem which has been considered by some authors recently (cf. [5, problem 70] ). In [8] , Miklavič and Potočnik classified distance-regular Cayley graphs on dihedral groups. It turned out that all non-trivial distance-regular Cayley graphs on dihedral groups are bipartite with diameter 3. This gives rise to a question which bipartite distanceregular graphs with diameter 3 are Cayley graphs? Is it true that all such distance-regular Cayley graphs are on the semidirect product of a group and Z 2 ? Here we study this question and give an almost positive answer to this question. More precisely, we show that every bipartite distance-regular Cayley graph with diameter 3 can be constructed on the semidirect product of a group and Z 2 , except possibly for one case.
Preliminaries
Let Γ be a connected regular graph with diameter d. Then Γ is a distance-regular graph with intersection array {b 0 , b 1 , . . . , b d−1 ; c 1 , c 2 , . . . , c d } whenever, for each pair of vertices x and y at distance i, where 0 ≤ i ≤ d, the number of neighbours of x at distance i + 1 and i − 1 from y are constant numbers b i and c i , respectively. This implies that a distance-regular graph is regular with valency b 0 = k and the number of neighbours of x at distance i from y is a constant number k − b i − c i which is denoted by a i . It is known that for a distance-regular graph Γ of diameter d, the number of vertices at distance i from a fixed vertex is constant which is denoted by K i . Furthermore,
where i = 0, 1, . . . , d − 1 and K 0 = 1. A complete bipartite graph minus a complete matching is a distance-regular graph with diameter 3 and is considered here as a trivial bipartite distance-regular graph with diameter 3. Let G be finite group and S be an inverse closed subset of G. Then the Cayley graph Cay(G, S) is a graph with vertex set G such that two vertices a and b are adjacent (denoted by a ∼ b) whenever ab −1 ∈ S. Recall that a graph Γ is a Cayley graph if and only if there exists a subgroup of the automorphism group of Γ which acts regularly on the vertex set of Γ (cf. [1, Lemma 16.3] ). In this paper, the identity element of a group G is denoted by e and its order by |G|.
A 2-(n, k, µ) design consists of a finite set of order n (of elements called points) and a family of k-element subsets of this set (called blocks) such that each pair of points is included in exactly µ blocks. Moreover, this design is called symmetric whenever the number of points and blocks are equal. The incidence graph of a symmetric 2-(n, k, µ) design is a bipartite graph with two parts of points and blocks such that a point is adjacent to a block whenever the point lies in the block.
Remark 2.1. Let Γ be a bipartite distance-regular graph with diameter 3. Then its intersection array is (k, k−1, k−µ; 1, µ, k), where µ = c 2 . It is well-known that the graph Γ is the incidence graph of a symmetric 2-(n, k, µ) design, where 2n is the number of vertices of this graph (cf. [6, Theorem 5.10.3]). It follows that if such a design exists, then
. The graph Γ is called non-trivial whenever k = n − 1. If k = n − 1, then Γ is a complete bipartite graph minus a complete matching which is a Cayley graph on the dihedral group D 2(k+1) (cf. [4, Section 3.1]). The graph Γ has girth 4 or 6 depending on whether µ > 1 or not, respectively. Moreover, the distance-distribution diagram of this graph is as depicted in Figure 1 
} is the spectrum (the multiset of all eigenvalues of the adjacency matrix) of this graph.
A (n, k, µ)-difference set in a finite group G, where |G| = n, is a subset D ⊆ G of size k such that every non-identity element of G can Figure 1 . Distance-distribution diagram be expressed exactly µ-times as
The semidirect product of a group H with a group K, which is denoted by H K or K H, is (not a unique) group G containing a normal subgroup H 1 which is isomorphic to H and a subgroup
Lemma 2.2. [8, Lemma 2.8] Let G be a group of order 2n and S a subset of G. Then the following statements are equivalent:
• S ⊆ G \ {e}, S = S −1 and Cay(G, S) is a non-trivial bipartite distance-regular graph with diameter 3 and intersection array Proof. Let H be the part of the bipartite graph Cay(G, ; 1,
3.1. Bipartite distance-regular Cayley graphs with diameter 3 and girth 6. Let Γ be a bipartite distance-regular graph with n vertices, valency k, diameter 3 and girth 6. Then c 2 = 1 and therefore it has intersection array (k, k−1, k−1; 1, 1, k). It follows that this graph has n = (k − 1)
for i = 0, 1, 2 and K 0 = 1. Hence it is the incidence graph of the symmetric 2-((k − 1)
2 + (k − 1) + 1, k, 1) design. It is known that the symmetric 2-(q 2 + q + 1, q + 1, 1) design is the same as a projective plane of order q. Furthermore, if a projective plane is Desarguesian, then its incidence graph is a Cayley graph on a dihedral group (cf. [4, Section 3.5]). Therefore we can conclude the following proposition. Proposition 3.3. Let Γ be a bipartite distance-regular graph with diameter 3 and girth 6. Then this graph is the incidence graph of a projective plane. Moreover, if the projective plane is Desarguesian, then this graph is a Cayley graph on a dihedral group. Now, in general case, suppose that the incidence graph of a projective plane of order q is a Cayley graph Cay(G, S). It follows that |G| = 2(q 2 + q + 1). On the other hand, one part of this graph is the normal subgroup H of G of index 2, by Lemma 3.1, and |H| = q 2 + q + 1. Therefore there exists an involution a ∈ G such that a / ∈ H since q 2 + q + 1 is an odd number. Therefore G = H a and we can conclude the following theorem. 2. 2) Let G be a group of order 2(q 2 +q +1) for some natural number q and S be a subset of G. Then the following two statements are equivalent.
• S ⊆ G \ {e}, S = S −1 and Cay(G, S) is the incidence graph of a projective plane of order q;
• there is a normal subgroup H of index 2 in G and an involution a / ∈ H such that G = H a and the set D = aS is a (
3.2.
Bipartite distance-regular Cayley graphs with diameter 3 and girth 4. Now we concentrate on bipartite distance-regular graphs with diameter 3 and girth 4.
Proposition 3.5. Let Cay(G, S) denote a bipartite distance-regular Cayley graph with diameter 3 and parameters (k, k −1, µ; 1, µ, k), where µ > 1, and H be the part of this bipartite graph which contains the identity element. Then this Cayley graph can be constructed on H Z 2 , except possibly when |H| = 0 (mod 4), k is even, and H is non-abelian.
Proof. Let H be the part of the Cayley graph Cay(G, S) which contains the identity element. By Lemma 3.1, H is a normal subgroup.
Recall that a bipartite distance-regular graph with parameters (k, k − 1, µ; 1, µ, k) is the same as the incidence graph of the symmetric 2-(n, k, µ) design, where k(k − 1) = (n − 1)µ. Case 1. Let n be an odd number. Then the normal subgroup H has odd order n (see Lemma 3.1). It follows that there exists an involution a / ∈ H in the group G. Therefore G = H a . Case 2. Let k be an odd number. Then there exists an involution a ∈ S since S = S −1 . Therefore G = H a . Case 3. Let n, k be even numbers. Then µ =
is even. Case 3.1. Let n = 4t + 2 for some integer number t. Then |H| = 2m, where m = 2t + 1 is odd. Therefore H has a normal subgroup N of odd order m (cf. [9, 10.1.9] ). Let L be the Sylow 2-subgroup of the group G which has order 4. Then L is not contained in the normal subgroup H since |H| = 2m, where m is odd. If the Sylow 2-subgroup L is isomorphic to Z 2 × Z 2 , then it is easy to see that the group G is the semidirect product of H with Z 2 . Therefore we can suppose that L is cyclic. This implies that N is a normal subgroup in G (cf. [9, 10.1.9]). In this case, we obtain a contradiction. To see this, consider the quotient group G/N which is isomorphic to Z 4 since the sylow 2-subgroup L of the group G is cyclic. Then G/N = {N, N a, N a 2 , N a 3 } for some a / ∈ N and therefore H = N ∪ N a 2 . On the other hand, the normal subgroup N gives rise to an equitable partition with four parts G/N for this graph (cf. [4, Section 2.3]). If na ∈ S, where n ∈ N , then (na) −1 ∈ N a 3 . This implies that the number of adjacent vertices from a fixed vertex in N to N a and N a 3 are equal. It follows that 0 is an eigenvalue of this graph since the eigenvalues of the quotient matrix of this graph are also eigenvalues of Γ, a contradiction (cf. [3, Lemma 2.3.1]). Hence the Sylow 2-subgroup L is not cyclic and therefore the group G is the semidirect product of H with Z 2 . Case 3.2. Let H be abelian and the non-empty set D a non-trivial (n, k, µ)-difference set in H. Then, it is easy to see that, the development {Dh|h ∈ H} forms the symmetric 2-(n, k, µ) design. Furthermore, the incidence graph of such a design is indeed isomorphic to the Cayley graph Cay(G, S) (an element h in the design corresponds to ah in the Cayley graph and Dh in the design corresponds to h in the Cayley graph, where a / ∈ H and S = aD). Now consider a new group G 1 = Dih(H) which is H Z 2 (the generalized dihedral group). Let the group G 1 be partitioned as H ∪ Hc, where c 2 = 1 and chc = h −1 for every element h ∈ H. Then the Cayley graph Cay(G 1 , S 1 ), where S 1 = Dc, is indeed the incidence graph of the development of D (see [4, Section 3.5.] ). This implies that the two Cayley graphs Cay(G, S) and Cay(G 1 , S 1 ) are isomorphic as desired.
Remark 3.6. Let the normal subgroup H be non-abelian. We neither complete nor give an counterexample for this case but we conclude this section by the following conjecture.
Conjecture. Every bipartite distance-regular Cayley graph with diameter 3 can be constructed on the semidirect product of a group and Z 2 .
